We give the general solution of the Ward identity for the vector supersymmetry which characterizes all topological models and twisted ordinary supersymmetric gauge field theories. Such solution, whose expression is quite compact and simple, greatly simplifies the study of theories displaying a supersymmetric algebraic structure, reducing to a few lines the proof of their possible finiteness. In particular, the cohomology technology usually involved for the quantum extension of these theories, is completely bypassed. The case of Chern-Simons theory is taken as an example.
Introduction
All topological field theories share that the energy-momentum tensor is not observable; for gauge field theories this feature is insured by a symmetry first discovered in [1] . We shall refer to it as the vector supersymmetry, which is encoded in a set W µ of anticommuting Ward operators, carrying a spacetime index µ.
The first remarkable fact, is that the vector supersymmetry mixes the gauge invariant and the gauge fixing part of the action and, although it is linearly broken at the classical level, it is exact for what concerns the quantum corrections.
The second remarkable fact is that the operators W µ are dimensionful, contrary to what happens for the BRS operator, and in particular they raise by one unit the power counting dimension of the functionals on which they act.
In the BRS approach to renormalization of topological gauge theories, the attention is, as usual, focused on the BRS identity, and the ensuing algebraic discussion of the cohomology spaces; the vector supersymmetry is then imposed on the solutions of the BRS cohomological problem. This constrains some otherwise free parameters and helps in proving the finiteness of the theory.
Here we would like to take the opposite attitude, and show that first discussing the general solution of the vector supersymmetry provides a more economical way towards the renormalization of topological gauge field theories and the discussion of observables in supersymmetric models.
Indeed, the general solution of the vector supersymmetry can be written in terms of W ≡ ε µ1...µ d W µ1 . . . W µ d , so that in d spacetime dimensions, the cohomological analysis of the linearized BRS operator is shifted from the sector with power counting dimension p and ghost charge q, to the sector with power counting dimension p − d and ghost charge q + d.
In all cases this results in a substantial simplification of the treatment.
In order not to overload the notation, we shall illustrate the general procedure of solving the vector supersymmetry Ward identities in the case of the Chern-Simons theory with d = 3, although the method can be straightforwardly extended to other cases.
In section 2 we recall the defining functional equations for the Chern-Simons model, while the stability and anomaly problems are outlined in section 3. In Section 4 we give the general solution for the vector supersymmetry Ward identity, which we use in Section 5 to show in a few lines the finiteness of the theory. Section 6 is devoted to our concluding remarks.
The Classical Model
Let us consider, as an example, the topological three dimensional Chern-Simons (CS) theory, whose classical action is
The most general gauge fixing term is
The fields A a µ (x), c a (x),c a (x) and b a (x) represent gauge field, ghost, antighost and Lagrange multiplier (Nakanishi Lautrup field) respectively. They belong to the adjoint representation of a gauge group G, which we assume simple and compact. The f abc are the structure constants of the Lie algebra, k is the coupling constant and finally the adjoint covariant derivative is defined as
We remark that the Landau gauge choice
is compulsory in three dimensions, due to the fact that in this case the gauge parameter α is dimensional, inducing incurable infrared divergences in the theory [2] .
Besides the usual, nilpotent, BRS symmetry shows an additional, vector supersymmetry [1] 
Some remarks are in order 1. The operator δ µ is a symmetry of the theory only once the gauge fixing term is added :
(to be compared with (2.6).
2. The vector supersymmetry is not a feature of the particular model considered here, but its existence is a general property of all topological field theories, of both Witten and Schwartz type [3] , built in the Landau gauge.
3. Its origin is tightly related to the conservation of the energy-momentum tensor [4] , which, for topological models, acquires contribution from the gauge fixing term only, since
where g µν is the metric describing the manifold on which the theory is built. Hence, the energy-momentum tensor is a BRS cocycle
4. From the algebraic point of view, the main feature of the δ µ -symmetry is the fact that it decomposes the derivative, together with the BRS operator s :
the algebra being completed by
Eq. (2.13), which represents an algebraic relation which closes on shell on translations, justifies the fact that δ µ is referred to as "supersymmetry".
The set of constraints on the classical action S is completed by the (Landau) gauge condition δS δb a = ∂A a (2. 15) and the ghost condition 16) which is peculiar to any gauge field theory in the Landau gauge [5] .
The nonlinearity of the BRS transformations (2.5) renders necessary, in view of the quantum extension of the theory, the definition of the composite operators sA a µ and sc a . This is done in a standard way in field theory, by coupling them to external sources (or antifields) A ⋆aµ and c ⋆a by means of an additional term in the classical action :
The complete classical action Σ = S CS + S gf + S ext (2.18) satisfies 1. the Slavnov-Taylor (ST) identity 19) which is the functional transcription of the BRS symmetry (2.5);
2. the supersymmetric Ward identity 20) where
and ∆ cl µ is a breaking 
where again ∆ a cl is a classical breaking
4. the antighost conditionḠ 25) in virtue of which A a * µ andc a appear in the combination
5. the Landau gauge condition (2.15), which formally remains the same
The following nonlinear algebra, good for a generic functional γ, with even Faddeev-Popov charge, holds:
where B Σ is the linearized ST operator
and P µ is the translation Ward operator
If the functional γ satisfies the ST identity (2.19) and the Ward identity (2.20), the algebra for the linear operator B Σ and W µ is
Notice that the introduction of the external sources A ⋆aµ and c ⋆a allows to put off shell the algebra (2.13). Under this respect, the external sources, which naturally enter the game in the BRS formalism, play exactly the role of the auxiliary fields of the ordinary supersymmetry [7] .
The Quantum Theory
The quantum theory is well defined once we have proved that the divergences can be reabsorbed through a redefinition of fields and parameters of the theory, order by order in perturbation theory, and once we have been able to show the absence of quantum obstructions for the symmetries defining the theory.
In other words, the quantum extension of a generic field theory goes through the determination of the counterterm and of the proof of the absence of anomalies.
Topological fields theories, like the one we are considering in this paper, are an example of f inite field theories [4] . This means that no counterterm should be allowed, i.e. a finite model does not display any divergence which needs to be reabsorbed.
As far as we know, the only field theories showing this remarkable property are topological models and supersymmetric gauge field theories [7] . It is not by chance, indeed, that topological fields theories are characterized, through the presence of the vector supersymmetry W µ , by a typically supersymmetric algebra like (2.33) [4, 8, 9, 10, 11, 12] . In some cases, ordinary gauge field theories and topological quantum field theories even coincide, being possible to pass from one to the other by means of a twisting procedure [13] . This is the case, for instance, of N=2 Super Yang Mills (SYM) theory and topological Yang-Mills (TYM) theory [14, 15] .
For CS theory, finiteness has been proved in [16] and in [17] , independently, and following two different approaches. In this paper we give an alternative proof, and, even if we believe that the method presented here gives a new, particularly quick and economic demonstration of the finiteness of the theory, we stress again that our main aim is to point out the power of supersymmetry, and of its general solution which will be given in the next section. Supersymmetry alone turns out to be sufficient to completely determine the quantum extension of these theories.
The Counterterm
The counterterm Σ c is determined by imposing that the perturbed action
where ε is an infinitesimal parameter, satisfies the same set of constraints defining the classical action Σ, at the first order in ε. The functional Σ c , hence, is the most general integrated local functional with power counting dimensions three and vanishing FaddeevPopov charge, which must satisfy
Notice that the symmetries (2.20) and (2.23), classically broken by a term which is linear in the quantum fields, at the quantum level behave like exact symmetries, (3.5) and (3.4) respectively.
Eq. (3.2) simply puts the Lagrange multiplier out of the (quantum) game: the counterterm does not depend on it.
Eq. (3.3) states that Σ c must depend on the fields A a * µ (x) andc a (x) only through the combination (2.26).
The ghost equation constraint (3.4), together with the gauge condition (3.2), becomes
Eq. (3.5) is the supersymmetry constraint, which we are going to analyze in detail in the next section, and, finally, Eq. (3.6) is the ST condition, which, due to the nilpotency of the operator B Σ , is a cohomology problem, whose most general solution is
, belonging to the cohomology of the linearized ST operator, contains the physical renormalizations, corresponding, for instance, to the β functions of the coupling constant(s) of the theory, which, in the case of the CS theory, is k. The second term appearing in the expression of the counterterm Σ c , trivially satisfies the condition (3.6). It corresponds to unphysical renormalizations, like redefinition of fields and gauge parameters. It is this part of the counterterm which governs the anomalous dimensions of the Callan-Symanzik equation.
The Anomalies
The anomaly shows as an incurable quantum obstruction for a symmetry. Let us consider, for instance, a classical action Σ satisfying a set of symmetries, labelled by the index A W A (Σ) = 0 .
(3.9)
The W A are Ward operators which may be nonlinear and, for simplicity, we consider the case of exact symmetries, but nothing change if some, or all, of the W A are broken by classical terms like (2.22) and (2.24).
Let us suppose that the W A form a graded Lie algebra
where T C AB may be field dependent, like in ordinary supersymmetric gauge field theories [7] , and we consider an algebra formed by commutators and/or anticommutators, depending on the nature of the Ward operators W A .
In general, the classical relation (3.9) acquires, when considered for the quantum action Γ, a quantum breaking
where ∆ A · Γ is a quantum insertion.
In other words, symmetries in general do not survive the renormalization process which leads from the classical action Σ to the quantum vertex Γ. The quantum theory is meaningful for those symmetries whose obstructions can be reabsorbed order by order in perturbation theory as follows
When this is not possible, i.e. when it happens to be
the symmetry W A is affected by an anomaly rA · Γ, and the only hope left, is to manage things so as to have a vanishing coefficient r . Precisely this is the case of YM theory and N=1 SYM.
The tools at our disposal to treat anomalies are the Quantum Action Principle (QAP) [18, 19, 20, 21, 22] and the algebra (3.10).
The first states that, at the first nonvanishing order inh, the quantum insertions ∆ A ·Γ are local integrated functionals with mass dimensions and Faddeev-Popov charge depending on the Ward operator
Locality of ∆ A is an essential information, since in lack of it, the usual tools of quantum field theory could not be used, and the reabsorption (3.12) would be impossible.
Concerning the algebra (3.10), it gives consistency conditions on ∆ A , which help to determine them.
The analysis of anomalies is sequential, in the sense that it must be done for each W A one after each other. The more W A are showed to be anomaly free, the more consistency conditions coming from the algebra can be used. No W A whose absence of anomalies has not yet been proved, can be used, of course, in the study of the anomaly for W B , with A = B. This is the reason why, in presence of a set of symmetries, like it happens for topological and supersymmetric gauge field theories, it is convenient to start the analysis of anomalies with the "simplest" Ward operators, which usually are the linear ones and which are easily proved to be anomaly free, leaving at the end the nonlinear symmetries (typically the gauge/BRS/ST symmetry), in order to bridle the anomaly candidate with as many consistency condition as possible, before facing the difficult task of solving cohomology problems.
Coming back to CS theory, in principle we have the following broken quantum symmetries
where ∆ a 1,2,3 · Γ, ∆ µ · Γ and ∆ · Γ are quantum insertions potentially hiding anomalies. The QAP tells us that these breakings, at their lowest nonvanishing order inh, are local, in some cases integrated, functionals
Now we exploit the consistency conditions coming from the algebra. For the first relation (3.20) , the only constraint which we can use is
and ∆ a 1 (x) is a local functional with canonical dimensions two and Faddeev-Popov charge zero. It is straightforward to see that the most general form for ∆ a 1 (x) compatible with (3.26) can be written as 27) for some∆, which insures that the Landau gauge condition holds at the quantum level. Notice that it would not be that easy if the gauge condition were nonlinear.
From now on we can therefore assume that the quantum action Γ satisfies
The next constraint which is customary to acquire at the quantum level is the antighost equation (3.16) . The algebra implies that
These conditions are sufficient to conclude that also the antighost equation is anomaly free ∆
for some∆, and that, from now on, besides (3.28), we can count also on
Similarly, it is easy to show that the ghost equation is not anomalous, so that the list of quantum symmetries is enriched by
Reminding once again that this scenario is quite common to all gauge field theories exploiting a supersymmetric algebra, we are then left with the two most constraining conditions: supersymmetry (3.18) and ST (3.19) . Both anomaly candidates (3.23) and (3.24) , in virtue of the quantum relations we have proved, do not depend on the Lagrange multiplier, depend on the combination (2.26) and must satisfy the ghost equation :
Being linear, it is immediate to show that supersymmetry is not anomalous, i.e. the most general solution of the condition
which comes from (2.29), is ∆ µ = W µ∆ , (3.36) therefore, the quantum vertex Γ satisfies also
We are finally left with the study of the gauge anomaly. In (3.24), ∆ is a local integrated functional with power counting dimension three and Faddeev-Popov charge +1:
which must be supersymmetric, because of (2.30) and of (3.37) We shall come back to this point in section 5.
General Solution Of Supersymmetry Constraint
The aim of this section, is to study the most general solution of the supersymmetry constraint
The interest for solving this equation is evident from (3.5) and (3.39): it must be satisfied by both counterterm and gauge anomaly, in topological and (twisted) supersymmetric field theories as well.
The equation (4.1) must be solved in the space of integrated local functionals X p q with mass dimension p and ghost number q, satisfying the gauge condition (3.28), the antighost equation (3.32) and the ghost equation (3.33).
In this functional space, the Ward operator W µ reads
and it satisfies the algebraic relation (2.29).
It is convenient to make the Lorentz index explicit:
The algebra between the W 's is
In particular, the three operators W are nilpotent. Now, from their explicit expressions, we see that all fields forming the functional space on which the W 's act, appear as BRS doublets [6] , i.e. are of the type: 9) where the W † i are the functional adjoints of W i counts the number n Φ of fields Φ appearing in a generic functional F (Φ)
According to a well known theorem concerning nilpotent operators [6] , fields transforming as BRS doublets, do not belong to the cohomology. This means that the cohomology of each W i is empty, since all fields are organized in BRS doublets, and that the solutions of the equations
can be written as
where we took into account the fact that the operators W raise by one unit the mass dimensions and lower the ghost number by the same amount.
But we can go further. We are looking, indeed, for the most general X p q which satisfies the set of equations
Since the cohomology of each W i is empty, we have 19) and, using (4.9), we get
Thanks to (4.14), we can writē 21) where N 1 is the number of fields appearing inX p−1 q+1 . Similarly, from the third identity in (4.18), we have 22) hence 24) where N 2 is the number of fields appearing in X 25) because of the nilpotency of W 2 and of the algebra (4.9).
We are now able to write, from (4.18)
Therefore, the most general solution of the equations (4.17) is, by construction
In covariant notations our result writes
where
q+3 is a generic functional with dimensions p − 3 and ghost number q + 3. Although our proof has been given in three dimensions, the procedure we employed holds in d-spacetime, and hence we can write the most general solution of the set of d equations
The fact that the operators W µ carry both dimensions and Faddeev-Popov charge, is quite constraining, and the consequences on counterterm and anomalies are spectacular, as we shall see in the next section.
We finally stress that, due to the algebra (2.29), a functional written as (4.30) trivially satisfies the supersymmetry equation (4.29). What we have shown here, is that no other solutions exist.
Supersymmetry And Finiteness
The cohomology equations (3.6) for the counterterm and (3.40) for the anomaly, are usually considered, and generally are, as the hearth of the quantum determination of the theory, and of the algebraic renormalization.
Smart and subtle techniques have been developed for solving them, like the method of spectral sequences [24] or the so called "russian formula" [25] , and useful theorems exist, which give information on their solutions [6] . Brute force, on the other hand, often required a lot of time and hard work to obtain important results concerning the renormalization (or non renormalization) of the theory. What we want to show in this paper, is that for the large number of theories which exhibit the vector supersymmetry, the way to gain quantum theory is much shorter and bypasses the cohomology technology.
Let us begin with the counterterm Σ c , which must satisfy the supersymmetry condition (3.5).
We have just shown that the most general solution is
where X 0 3 is an integrated local functional with vanishing power counting dimension and ghost number three. The only possibility is
where α is a coefficient. This only candidate for the counterterm is ruled out by the ghost condition (3.4), because of the algebraic condition
which can be easily verified.
Hence,
which proves the finiteness of the theory.
The proof of absence of anomalies is even shorter. Besides, and before, the Wess-Zumino consistency condition (3.40), the gauge anomaly (3.24) must satisfy the supersymmetry equation (3.39), whose most general solution is The only possibility would be
but such candidate is not there, simply because an invariant tensor T abcd , which must be completely antisymmetric in its four color indices, cannot even be written [26] .
That's the reason why ∆
and therefore no anomalies exist for any of the symmetries defining the model.
Notice that, to show the results (5.4) and (5.7), no use has been done of the left conditions on the counterterm and on the anomaly, which are by far the toughest ones to analyze, i.e. the ST conditions (3.6) and (3.40). As promised.
Conclusions
We have shown, on the example of the Chern-Simons model in three spacetime dimensions, that tackling the problem of its renormalizability by first solving for the vector supersym-metry, considerably shortens the algebraic work to be done; in particular, the absence of counterterms (finiteness) and of anomalies reduces just to a couple of lines.
The reason for this, is that the most general solution of the vector supersymmetry has the form (4.30), expressed by means of the operator W (4.31), which shifts the problem to a much smaller functional space , being characterized by a higher ghost charge, and zero dimensionality.
We remark that, this property is particularly important in N = 2 SYM theories, which can be written as a topological quantum field theory, by means of a twist [14] . The fact that, after the twist, the action of N = 2 SYM theory can be written as
modulo an exact BRS cocycle, is at the hearth of the celebrated non renormalization theorem [7, 15] , which characterizes gauge field theories with extended supersymmetry.
What we have shown in this paper, is that any theory displaying a vector supersymmetry can be put in the form (6.1), and hence shows relevant nonrenormalization properties.
Another point that we would like to stress, is that in the discussion of the renormalization of these supersymmetric models, it has not been necessary to solve any cohomological BRS condition, contrarily to what happens in ordinary cases. This is the simplification we mentioned more than once in this paper. Curiously enough, we here have a class of gauge field theories whose quantum extension is not determined by any BRS constraint. Nevertheless the gauge field theory nature of these models is apparent, being deeply encoded in the set of non gauge symmetries which are involved. We remind, indeed, that both the ghost equation (3.33) and the supersymmetry (3.37) hold only if the Landau gauge is adopted. Moreover, for the classical action both the vector supersymmetry and the ghost equation are broken, so its determination is most easily and naturally done in terms of the standard BRS approach.
